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dual to the totally anti-symmetric Schur polynomial operator xni^iBi) in the 2+1- 
dimensional, Af = 6 super Chern-Simons ABJM theory. We demonstrate that this 
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ton solution and initiate a study of its spectrum of small fiuctuations. Although the 
full computation of this spectrum proves to be analytically intractable, by perturb- 
ing around a "small" giant graviton, we find good evidence for a dependence of the 
spectrum on the size, ao, of the giant. This is a direct result of the changing shape 
of the worldvolume as it grows in size. 
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1. Introduction 

Lab-o-ra-to-ry /'labre, tore / noun: any place, situation, object, set of conditions, 
or the like, conducive to controlled experimentation, investigation, observation, etc. 

Since their inception in [1] over a decade ago now, giant gravitons have matured into 
one of the best laboratories - if the above definition is anything to go by - that we 
have for studying the physics of D-branes and, by extension, the open strings that 
end on them. Indeed, directly or indirectly, giant gravitons have played a significant 
role in many of the biggest advances in string theory over these past ten years. These 
include (but are by no means limited to): 

i) the realization that D-branes are not described in the dual SU (N) super- Yang- 
Mills theory by single-trace operators but rather by determinant-like operators 
whose 7^-charge is ~ 0{N). For the case of (excited) giant gravitons, these 
operators are known exactly. They are (restricted) Schur polynomials, Xr{^) = 
^. Xlo-eSn Xr{'^) tr(cr$®"), built from fields in the Yang-Mills supermultiplet and 
labeled by Young diagrams with n ~ 0{N) boxes, 

ii) a complete classification all |— BPS geometries of type IIB supergravity in [2] 
based on the free fermion description of giant graviton states given in [3, 4], 

iii) a detailed understanding of the structure of open string integrability in string 
theory as developed in [5] and the corresponding statements about the inte- 
grablity of A/" = 4 super Yang-Mills theory to be found in [6] . Indeed, so pow- 
erful are the tools developed from giant graviton operators [7] that they have 
recently even opened the door to the study of integrability beyond the planar 
level in the gauge theory [8] and. 
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iv) a concrete proposal for the realization of the idea that quantum gravity and 
spacetime itself are emergent phenomena [9] (see also [10] for a summary of 
these ideas) encoded in the quantum interactions of a matrix model. 

It is this last research program that will be of most relevance to us in this article. 
The idea that spacetime, its local (geometrical) and global (topological) properties 
are not fundamental but emerge in some "coarse-graining" limit of quantum gravity 
is not a new one and is certainly not unique to string theory. What string theory does 
bring to the table though is a concrete way to take such a limit via the AdS/CFT 
correspondence [11]. Broadly speaking, this gauge/gravity duality says that in the 
large N limit, certain gauge theories (like 4-dimensional A/" = 4, SU{N) super Yang- 
Mills theory) behave more like gravity than gauge theories (and vice versa). It is in 
this sense that, in the AdS/CFT context, spacetime is emergent. This then begs the 
question: 

How is the geometry and topology of bulk physics encoded in the gauge theory? 

Recent advances in Schur operator technology, starting with [3, 12] and more re- 
cently developed in the series of articles [7] , have facilitated enormous strides toward 
answering these questions. For instance, it was convincingly argued in [13], and 
later verified in great detail in [7], that the fact that the giant graviton worldvol- 
ume is a compact space is encoded in the combinatorics of the Young diagrams 
that label the associated Schur operators. More precisely, any closed hypersurface 
(like the D3-brane worldvolume) must satisfy Gauss' law, thereby constraining how 
open strings may be attached to the D-brane. In the gauge theory, attaching open 
strings translates into adding a word of length ~ 0{\/N) to the Schur polynomial 
corresponding to the giant or, equivalently, adding a box to a Young diagram. The 
Littlewood-Richardson rules that govern such additions precisely reproduce Gauss' 
law and consequently the topology of the spherical giant. 

Geometry on the other hand is a local property of spacetime and if, as asserted by 
the gauge/gravity correspondence, the bulk spacetime and boundary gauge theory 
describe exactly the same physics with a different organization of degrees of freedom, 
this locality should also manifest on the boundary. In the first systematic study of this 
question, it was demonstrated - through a combinatorial tour de force - in [14] that 
the shape of a spherical D3-brane giant graviton can be read off from the spectrum 
of one loop anomalous dimensions of excitations of subdeterminant operators of the 
form OftJ = e'^'-f'^'ep, • • • <^pN-k gPN-k+i . . . ^p^. Such excited operators are 

constructed by replacing one (or more) of the (5's with one (or more) words of the form 
Z". However, the combinatorics of these operators is, to say the least, formidable 
and the results obtained in [14] were restricted to near maximal sized giants. Here 
too, once it was realized that Schur polynomials (and their restrictions) furnish a 
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more complete basis for giant graviton operators (and their excitations) [3, 7, 12], 
rapid progress was made on many outstanding problems. These include: 

i) Verification of the results reported in [14] and an extension (a) beyond the near- 
maximal giant and (b) to multiple strings attached to the D-brane worldvolume 
together with a dynamical mechanism for the emergence of the Chan-Paton 
factors for open strings propagating on multiple membranes [7]. 

ii) A concrete construction of new |— BPS geometries [15] from coherent states of 
gravitons propagating on AdS^ x through the study of Schur polynomials 
with large 7?.-charge A ~ 0{N'^) and even, 

iii) A proposal for a mechanism of the emergence of the thermodynamic properties 
of gravity in the presence of horizons, again through an analysis of heavy states 
with conformal dimension ~ 0{N'^) in the dual gauge theory [16, 17]. 

All in all, it is fair to say that the program to understand the emergence of spacetime 
in AdS/CFT has met with some success. Nevertheless, there remains much to do. 
Of the problems that remain, probably the most pressing is the question of how far 
beyond the ^— BPS sector these results extend. This is, however, also one of the 
most difficult problems since, by definition, we would expect to lose much of the 
protection of supersymmetry and the powerful non-renormalization theorems that 
accompany it. 

On a more pragmatic level, one could well argue that the claim that spacetime 
geometry and topology are emergent properties of the gauge theory at large would 
be more convincing if said geometries and topologies were more, well, interesting 
than just the sphere^. For example, showing that Gauss' law is encoded in the 
combinatorics of the Young diagrams that label the Schur polynomials is a excellent 
step forward, but since it is a condition that must be satisfied by any compact 
worldvolume, by itself it is not a good characterization of topology. An obvious next 
step would be to understand how a topological invariant such as genus is encoded 
in the gauge theory. The problem is that topologically and geometrically nontrivial 
giant graviton configurations are like the proverbial needle in the haystack: few and 
far between. More to the point, until very recently, there were no candidate dual 
operators to these giants in the literature. 

The turnaround in this state of affairs came with the discovery of a new example of 
the AdS/CFT duality, this time between the type IIA superstring on AdS^ x CP^ 
and an A/" = 6, super Chern-Simons theory on the 3-dimensional boundary of the 

^Although even a cursory glance at any of [7, 12] would be enough to convince the reader that 
there's nothing trivial about recovering the spherical geometry. 
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AdS space - the so-called ABJM model [18, 19]. While this new AdS4/CFT3 duality 
shares much in common with its more well-known and better understood higher 
dimensional counterpart (a well-defined perturbative expansion, integrability etc.), 
it is also sufficiently different that the hope that it will provide just as invaluable a 
testing ground as AdS5/CFT4 is not without justiffcation. In particular, in a recent 
study of membranes in M-theory and their IIA decendants [20], a new class of giant 
gravitons with large angular momentum and a DO-brane charge was discovered with a 
toroidal worldvolume. More importantly, with the gauge theory in this case nearly as 
controlled as A/" = 4 super Yang-Mills theory, a class of ^— BPS monopole operators 
has been mooted as the candidate duals to these giant torii in [21] by matching the 
energy of the quadratic ffuctuations about the monopole configuration to that of the 
giant graviton. Of course, matching energies is a little like a "3-sigma" event at a 
collider experiment: while nobody's booking tickets to Stockholm yet, it certainly 
points to something interesting going on. Much more work needs to be done to show 
how the full torus is recovered in the field theory. 

The situation is just as intriguing with respect to geometry. It is by now well known 
that giant gravitons on AdS^ x come in two forms: both are spheres (one extended 
in the AdS space and one in the S^), both are D3-branes and each is the Hodge dual 
of the other. Similarly, giant gravitons on AdS^ X CP^ are expected to come in 
two forms also. The D2-brane "AdS" giant graviton was constructed in [20, 22]. 
This expands on the 2-sphere in AdS 4, is perturbatively stable and, apart from a 
non-vanishing coupling between the worldvolume gauge fields and the transverse 
fiuctuations, exhibits a spectrum similar to that of the giant in AdS^. The dual to 
this configuration - a D4-brane giant graviton wrapping some trivial cycle in the 
CP'^ - has proven to be much more difficult to construct. This is due in no small 
part to its highly non-trivial geometry [23] and it is precisely this geometry, and the 
possibility of seeing it encoded in the ABJM gauge theory, that makes this giant so 
interesting. 

In this article we take the first steps toward extracting this geometry by constructing 
the D4-brane giant graviton in the type IIA string theory and studying its spectrum 
of small fiuctuations. Our construction follows the methods developed in [24, 25] for 
the giant graviton on AdS^ x T^'^ (and later extended to the maximal giant graviton^ 
on AdSi X CP^ by two of us in [26]). By way of summary, guided by the structure 
of Schur polynomials in the ABJM model (see Section 2), we formulate an ansatz 
for the D4-brane giant graviton and show that this solution minimizes the energy of 
the brane. We are also able to show how the giant grows with increasing momentum 
until, at maximal size, it "factorizes" into two dibaryons, in excellent agreement with 
the factorization of the associated subdeterminant operator in the gauge theory. 

^See also the recent works [27, 28, 29] for an independent analysis of the maximal giant graviton. 
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2. Schurs and subdeterminants in ABJM theory 



Introduction to the ABJM model 

The ABJM model [18] is an A/" = 6 super Chern-Simons (SCS)-matter theory in 
2+1-dimensions with a U{N)k x U{N)_k gauge group, and opposite level numbers 
k and —k. Aside from the gauge fields and A^, there are two sets of two chiral 
multiplets {Ai,ip^^) and {Bi,ip^'-), corresponding to the chiral superfields Ai and Bi 
in A/" = 2 superspace, which transform in the (A^, N) and {N, N) bifundamental 
representations respectively. 

The ABJM superpotential takes the form 

W = yeVtr(Ai3,A.i3z), (2.1) 

which exhibits an explicit SU{2)a x SU{2)b 7^-symmetry - the two 5'f/(2)'s act on 
the doublets {Ai,A2) and {Bi,B2) respectively. There is also an additional SU{2)ti 
symmetry, under which (Ai, B2) and (^2, B\) transform as doublets, which enhances 
the symmetry group to 5'[/(4)7^ [30]. 

The scalar fields can be arranged into the multiplet Y"" = {Ai, A2, bI, bI), which 
transforms in the fundamental representation of SU (4)7^, with hermitean conjugate 
= {A\,AI,Bi,B2). The ABJM action can then be written as [30, 38] 

S=^jd'xti je^''^ (^A,d,Ax + jA,A,A^ - A,d,Ax - '^-^A,A,A^ 

+ DlY^.D^Y^ + lr"i;tF''F/r%t + 1-y-y^y'y}y^y^, 



-Y^Y^Yby^Y^Y^ + -Y^'Y^Y'Y^Y^Y} + fermions | , (2.2) 
2 3 J 



where the covariant derivatives are defined as D^Y°^ = d^Y"" + iA^X"" — iY"'A^ and 
DjjY^ = 9^Y^ — iA^Y^ + iY^A^. There are no kinetic terms associated with the 
gauge fields - they are dynamic degrees of freedom only by virtue of their coupling 
to matter. 

The two-point correlation function for the free scalar fields in ABJM theory is^ 

+ K 

( (YTM) ^(^2) ) = (2.3) 

\Xl — X2\ 

Note that the expression — X2\ in the denominator is raised to the power of 2A 
with A = I the conformal dimension of the ABJM scalar fields. 

^This two-point correlation function is the same as that quoted in [32] up to an overaU ^ 
normahzation. 
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Schur polynomials and subdeterminants 

Schur polynomials and subdeterminant operators in the ABJM model cannot be con- 
structed from individual scalar fields, as they are in the canonical case of TV = 4 super 
Yang-Mills (SYM) theory [3, 12], since these fields are in the bifundamental repre- 
sentation of the gauge group and therefore carry indices in different U{N)^s, which 
cannot be contracted. However, it is possible, instead, to make use of composite 
scalar fields of the form^ 

= {YT ,{yi),\ with a ^ b, (2.4) 

which carry indices in the same U{N). We shall make use of the composite scalar 
field Y^Y^ = AiBi for definiteness. 

Let us construct the Schur polynomial x_r(^i-Bi) of length n, with R an irreducible 
representation of the permutation group S'„, which is labeled by a Young diagram 
with n boxes: 

XR (AiSi) = -,y^ Xr{^) Tr {a{ArBr)} , 

U G Sn 

With Tr {a {MB,)} ^ {ABXl,,, (^i^OS,,, • • • (^i^Oj^^, • (2-5) 

This Schur polynomial is the character of AiBi in the irreducible representation R of 
the unitary group U (N) associated with the same Young diagram via the Schur- Weyl 
duality. 

It was shown in [33] , that by writing this Schur polynomials in terms of two separate 
permutations of the A^s and Bis: 

Xr{A,B,) = -^ ^ Xi?,(^)X/?(p)Tr{a(Ai)p(5i)}, 

With Tr MAMB^} ^ iA,r • • • (^i)"",.,, (^i) J; • • • (^i).,^; , (2.6) 
the two point correlation function takes the form 

{XR{ArB,){x,) xl{ArB,){x,))= y^'^'^''' with h^^- (2.7) 

[Xi — X2) CLr 

Here Dr and cLr are the dimensions of the irreducible representations R of the unitary 
group U (N) and the permutation group 5"^ respectively. The two factors of fa are a 
result of the fact that two permutations are now necessary to treat the scalar fields 
Ai and B, in the composite scalar field AiBi separately^. 

"^Operators constructed from the composite scalar fields Ai^j, A2A2, b\Bi or B\B2 must be 
non-BPS as their conformal dimension cannot equal their 7?,-charge, which is zero. 

^We would like to thank the anonymous referee for pointing out a flaw in our original argument. 
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These Schur polynomials are therefore orthogonal with respect to two-point correla- 
tion function in free ABJM theory [33]. They are also |-BPS and have conformal 
dimension A = n equal to their 7^-charge. Normahsed Schurs X-r(^i-Si) 
therefore form an orthonormal basis for this ^-BPS sector of ABJM theory. 

We shall focus on the special class of Schur polynomials associated with the to- 
tally anti-symmetric representation of the permutation group Sn (labeled by a single 
column with n boxes). These are proportional to sub determinant operators: 

(2.8) 

As a result of the composite nature of the scalar fields from which they are con- 
structed, these sub determinants in ABJM theory factorize at maximum size n = N 
into the product of two full determinant operators 

(^subdet ^ (^^^ (^^^ ^ (2.9) 

with 

det ^ ^ e.„,..^ e^^-P- (^0%, . . . {A,r% (2.10) 

deti?i = ^ e"--- ep,...p, {B,)^f^ . . . {B,)J-, (2.11) 

which are varieties of ABJM dibaryons. 

This subdeterminant operator 0^^'^^^{AiBi) is dual to a D4-brane giant graviton, 
extended and moving on the complex projective space CP'^. The fact that it has 
a maximum size is merely a consequence of the compact nature of the space in 
which it lives. We expect the worldvolume of the giant graviton to pinch off as its 
size increases, until it factorizes into two distinct D4-branes, each of which wraps 
a holomorphic cycle CP^ C CP^ (they intersect on a CP^). These are dual to full 
determinant operators (see [26, 27] for a description of dibaryons and the dual topo- 
logically stable D4-brane configurations.). 



3. A point particle rotating on CP 

The type IIA AdS^ x CP'^ background spacetime and our parametrization of the 
complex projective space are described in detail in Appendix A. Let us consider a 
point particle with mass M moving along the xi^) = 2 "I" ^^2) fibre direction 
in the complex projective space (a similar system was discussed in [34]). The induced 
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metric on the worldline of the particle (situated at the centre of the AdS4^ space) can 
be obtained from the metric (A.l) by setting r = and also V'(^) = 2x(^) + 01 + 02 
with (, 9i and 0i all constant. Hence the induced metric takes the form 

ds^ = -R'' {l-X^sm\2C)]dt\ (3.1) 

The action of the point particle is given by 

^point =-M [ ^/\ds^ = [ dt L with L = -MR Jl-x^ sin2(2C), (3.2) 

particle j j V 

which is dependent on the constant value of C, at which the particle is positioned. 
The conserved momentum associated with the angular coordinate x is 

Px = = =^ X= (3.3) 

V 1 - sin2(2C) sin(2C) Jp^ + M^R^ sm^{2C) 



from which it is possible to determine the energy H = P^x — L of the point particle 
as a function of the momentum P^: 

H=-^)^P^ + M'R''^'i^O- (3.4) 

This energy attains its minimum value H = ^JP"^ + M'^R? when C = f . The point 
graviton is associated with the massless limit M — )■ in which the energy H becomes 
equal to its angular momentum P-^, indicating a BPS state. 



4. The CP giant graviton 

We may associate the four homogeneous coordinates of CP'^ with the AB JM scalar 
fields in the multiplet Y"" = [Ai, A2, Bi, B2). Using the parameterization (A. 3), the 
composite scalar fields AiBj are therefore dual to 



r^z^ = isin(2C)sinf sinf ei^('^-'^i-<^2) — y ^^^^ (^41) 
= |sin(2C)cosf cosf e5*('^+^i+'^2) — ^ ^^^2 (4.2) 
'"^z^ = 1 sin (2C) cos sin f e5^('^+<^i-'^2) — y A2B1 (4.3) 



z^z^ = l sin (2C) sin |- cos f e5*('^-<^i+'^2) — y A1B2. (4.4) 

Aside from the additional factor of |sin(2C), these combinations bear an obvious 
resemblance to the parameterization [35] of the base manifold T^'^ of a cone C in 
C^. We may therefore adapt the ansatz of [24, 25], which describes a D3-brane giant 
graviton on AdS^ x T^'^, to construct a D4-brane giant graviton on AdS^^ x "^^'^ 
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4.1 Giant graviton ansatz 



Our ansatz for a D4-brane giant graviton on AdS^ x CP'^, whicli is positioned at the 
centre of the anti-de Sitter space, takes the form 



sin (2C) sin | sin f = Vl - a^, (4.5) 

where the constant a G [0, 1] describes the size of the giant. Motion is along the 
angular direction x = ^ 0^ ~ (pi ~ 02), as in the case of the D2-brane dual giant 
graviton on 74^5*4 x CP^ studied in [22]. This is also analogous to the direction of 
motion of the giant graviton [24, 25] on AdS^ x T^'^, up to a constant multiple, which 
we have included to account for the difference between the conformal dimensions of 
the scalar fields in Klebanov-Witten and ABJM theory. 

Since this giant graviton is extended and moving on the complex projective space, it 
is confined to the background M x CP^ with metric 

ds^ = {-dt^ + c/s^^di^i + c/s^„g^i^J , (4.6) 

where the radial and angular parts of the metric are given by 

t^sLiai = 4 rfC' + cos^ C del + Sin' C dOj (4.7) 

^■^angular = ^Os' ( siu' ( [dip + COS 9i d(j)i + COS 02 dcp-zf 

+ cos' C sin' ^1 dcpl + sin' C sin' 62 #2- (4-8) 



Only the 2-form and 6-form field strengths (A. 5) and (A. 7) remain non-trivial. 

Let us now define new sets of radial coordinates Zi = cos^ ^ and y = cos(2(^), and 
angular coordinates x = ^ ("^ ~ 0i ~ ^2) and ipi = 0j in terms of which the radial 
and angular metrics can be written as follows: 

, , dy'^ 1 , , dz^ 1 , , dzi , , , 

*--=(l^+2(l+^)Ml^ + 2<l-^)^(r^ (4.9) 

C^^angular = " V^) ¥X + + Z2 d^2f 

+ 2{l + y)zi{l- zi) difil + 2 (1 - y) ^2 (1 - ^2) d^j. (4.10) 

The constant dilaton still satisfies e^* = ^p^, while the non-trivial field strength 
forms on M X CP'^ are given by 

F2 = Ik {dy A [dx + Zi d(pi + Z2 d(p2] + (1 + 2/) dzi A d(pi - {1 - y) dz2 A dip2} 

(4.11) 

Fq = IkR'^ (1 - y') dy A dzi A dz2 A A d(pi A d(p2. (4.12) 
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Our giant graviton ansatz 



(4.13) 



describes a surface in 3D radial {y, zi, Z2) space. (Horizontal slices parallel to the 2:1 2:2- 
plane, at fixed y G [—a, a], are shifted hyperbolae.) The maximal giant graviton 
a = 1 can be viewed as part of a rectangular box with sides Zi = 1, Z2 = 1 and 
y = ±1. Note that the top and bottom sides y = ±1 result in coordinate singularities^ 
and therefore yield no contribution to the worldvolume of the maximal giant graviton. 



This ansatz for the giant graviton on AdS4 X CP^ is similar to the ansatz [25] for 
the giant graviton on AdS^ x T^'^. The 5-dimensional compact space T^'^, in which 
this D3-brane is embedded, consists of two 2-spheres and a non-trivial U{1) fibre - 
motion is along the fibre direction. In the case of our D4-brane giant embedded in the 
6-dimensional compact space CP'^, there is an additional radial coordinate y, which 
controls the (now variable) related sizes of the two 2-spheres in the complex projective 
space. In both cases, the giant graviton splits up into two pieces at maximal size. 

To obtain both halves of the maximal giant graviton as a limiting case a — )■ 1 of 
the submaximal giant graviton, we could parameterize the two regions zi < Z2 and 
Zl > Zl separately. Note that, as result of the symmetry of the problem, these would 
yield identical contributions to the D4-brane action. However, for convenience, we 
shall simply parameterize the full worldvolume of the submaximal giant graviton 
using the coordinates a°- = (t, y, Zi,ipi, ip2) with ranges 




(a) Submaximal giant graviton < a < 1 



(b) Maximal giant graviton a = 1 



Figure 1: A sketch of the submaximal and maximal CP'^ giants in radial (y, zi, Z2) space. 



y e [-a, a], 



2i e 




and (fii G [0, 2tt]. 



(4.14) 



^Wlicn y = I (or y = 



— 1) all dependence on the second 2-sphere (or first 2-sphere) disappears. 



4.2 D4-brane action 



The D4-brane action Sm = Sbbi + 5'wz, wliicli describes the dynamics of our giant 
graviton, consists of Dirac-Born-Infeld (DBI) and Wess-Zumino (WZ) terms: 

SDBi = -Ti[ d'^a e-*V- det iV[g]+27rF), (4.15) 

and 

5wz = ±T4^ !^V[C,]+V[Cs] A (27rF) + A (27rF) A (27rF)| , (4.16) 

with T4 = ^— the tension. Here we have included the possibihty of a non-trivial 
worldvolume gauge field F. Since the form field C3 has components only in AdS4^, the 
corresponding term in the WZ action vanishes when pulled-back to the worldvolume 
E of the giant graviton - an object extended only in CP'^. 

Now, it is consistent (as an additional specification in our giant graviton ansatz) to 
turn off all worldvolume fluctuations. Note that these should be included when we 
turn our attention to the spectrum of small fluctuations. Hence the D4-brane action 
becomes 

S^, = -T,[ rfVe-*V-det(PM) ±T, [ V [C,] . (4.17) 



Dirac-Born-Infeld action 

The induced radial metric on the worldvolume of the giant graviton can be obtained 
by setting Z2 (zi) from the constraint (4.5). Hence 

2(1 -y^fz2 (l-!/2)(l-;,) '2 

2Zi (1 - Zi) Z2 

The determinant in the coordinates {y,zi) is then given by 

Z,{l-Zifz2 



The temporal and angular part of the induced metric on the worldvolume of the 
giant graviton takes the form 

c^s^ind = -dt'^ + (1 - y^) [x dt + zi dipi + Z2 d'^-i\ + 2zi (1 - zi) d>^\ + 2z2 (1 - Z2) dLp\, 

t, ang ^ ^ 
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which has the following determinant 

^-ig = ~ {(Cang)n - [det 5ang]} 

^-A{l-y^)ziZ2 (4.20) 
x{[l{l + y){l-z,) + l{l + y){l-z,)-{l-a')] + {l-x') (l - } • 



The determinant of the puUback of the metric to the worldvolume of the giant gravi- 
ton in the coordinates {t, y, Zi,(fii, (fi2) is therefore given by 

4 Rio 

det V[9]^- (1 + y) (1 - ^0 + 1 (1 - y) (1 - ^2) - (1 - «^)] ' (4.21) 

\i- - Zi) 



[i (1 + 9) (1 - z,) + 1 (1 - a) (1 - - (1 - a^)] J • 
while = Integrating over cpi and (p2, we obtain the DBI action 



'DBI 



/ dt Lbbi with Ldbi = / / dzi >CDBi(y, -^i) (4.22) 

J J-a Jo 



associated with the radial DBI Lagrangian density 

CBBiiy, z,) = -f (1 + y) (1 - ^1) + Hi - 2/) (1 - ^2) - (1 - 

V [i(l + y)(l-.i) + i(l-y)(l-.2)-(l-«^)]' ^ 

where Z2{zi) = 1 — J^z")"]^^^^-) and the ABJM duality associates the rank N of the 
product gauge group with the flux N = |^ of the 6-form fleld strength through the 
complex projective space. 



Wess-Zumino action 



In order to calculate the WZ action, we need to determine the 5-form field C5 as- 
sociated with the 6-form field strength Fq = dC^. (The former is only defined up 
to an exact form of integration.) Usually we would change to orthogonal radial 
worldvolume coordinates {a,u,v) and then integrate Fq on a subject to the condi- 
tion Cz{a = 0) = 0. However, in this case, it is not immediately obvious how to 
determine u and so we must proceed via an alternative route. 

Consider the 5-form field 

C5 = \kR'^ {y (1 - y^) dz^ A dz2 - (1 - y) zx dy A dz2 + (1 + y) Z2 dy A dzx] (4.24) 

A A dipi A d</?2, 
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which satisfies both Fq = dC^ and C^{y = = = 0) = 0. When pulled back to 
the worldvolume of the giant graviton, this becomes 



V \C,\ = [\ (1 + y) (1 - z^) + \{l-y){l- z,) - (1 - a')] (4.25) 

U - zi) 

dt A dy A dzi A dipi A dip2, 



where 22(2:1) follows directly from the giant graviton constraint (4.5). The WZ action 
is therefore given by 



2 2 

a -V 
T 



S'wz = / dt Ly^z with Lwz = i i " dzi £wz(2/,^i), 

J J-a Jo 

(4.26) 

with radial WZ Lagrangian density 

£wz(z/, zi) = ±^-^ [I (1 + y) (1 - z,) + i (1 - y) (1 - Z2) - (1 - a^)] , 

(4.27) 

where, again, ^2(^1) = 1 — (i:^iy^4^- The ± distinguishes between branes and anti- 
branes. We shall confine our attention to the positive sign, indicative of a D4-brane. 

Full D4-brane action 

We can combine the DBI and WZ terms in the action to obtain the D4-brane action 
5*04= / dt Lm with Lm = dy " dzi £d4(z/, 2^1) (4.28) 

J J-a Jo 

associated with the radial Lagrangian density 
CB,iy, z,) = -f + 2/) (1 - ^1) + Hi - ^) (1 - ^2) - (1 - a')] (4.29) 



(1 - x') (1 - a') 

''''''' [lil + y)il-z,) + lil-y)il-Z2)-il-a^)] ^ 

where 2^2 (-2^1) = 1 ~ (iJ^2")"i2^^) and = |^ denotes the fiux of the 6-form field 
strength through the complex projective space. 



4.3 Energy and momentum 

The conserved momentum conjugate to the coordinate x takes the form 

2 2 

a —y 

dy / dz^ V^iy,zi), (4.30) 

■a Jo 
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written in terms of the momentum density 

v^y^ ^i) = TTT^ (1 + ^) (1 - + Hi - ^) (1 - ^2) - (1 - «^)] 

(i-"')x 

_-2o~l-('l-a2~ll 

= + . (4.31) 



|(l+2/)(l-2i)+|(l-y)(l-22)-{l-a2) 



1 ^ (l-X^)(l-a2) 



The energy H = P^x — L of this D4-brane configuration can hence be determined 
as a function of its size a and the angular velocity x follows: 



a JO 



2 2 

a -y 

T 



H = I dy I dzi n{y,z,) (4.32) 



with 



^ ^ 2(1 -21) I (i-x^)(i-^^) ^ ^ 



the Hamiltonian density. Here ^2(^1) = 1 ~" (iJ^2)"i2^^) is an implicit function of the 



1-0 



worldvolume coordinates y and Zi, so that we can write (1 — y) {1 — Z2) — 
a combination ubiquitous in the above expressions. 

Note that the first contribution to the momentum is due to angular motion along the 
X direction. At maximal size a = 1, the D4-brane is no longer moving and this term 
vanishes. The momentum is then determined entirely by the second contribution, 
resulting from the extension of the D4-brane in the complex projective space. 



4.4 Giant graviton solution 

The task now is to solve for the finite size ao giant graviton configuration, which is 
associated with a minimum in the energy H{a, Py.), plotted as a function of a at some 
fixed momentum P^. Unfortunately, inverting Pxix) for x{Px) analytically and then 
substituting the result into the energy H{a, x) to obtain H{a, P^) is problematic. 
We hence resort to the numerical integration of the momentum (4.30) and energy 
(4.32), as described in Appendix B, to produce the standard energy plots for this 
D4-brane configuration, which are shown in Figure 2. 

The giant graviton solution, visible as the finite size a = minimum in the energy, 
always occurs when x = 1 and is energetically degenerate with the point graviton 
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fa) = 0.2 



(b) = 0.4 




Figure 2: The energy of the D4-brane configuration, plotted as a function of the size a 
at fixed momentum P-^, in units of the flux N. 



solution at a = (previously described in Section 3). Now, substituting x = I into 
the momentum and energy integrals (4.30) and (4.32) respectively, we obtain 



H = P^ 



N 



dy 

ao Jo 



2 2 



dzi 



(4.34) 



This integral is perfectly tractable! The energy and momentum of the submaximal 
giant graviton solution (plotted in Figure 3) can hence be determined as follows: 



^^P,^A'{a, + i(l-a.Sh>(i^)} 



(4,35) 



which is defined for all ao € (0, 1). Note that the maximal giant graviton limit, in 
which a — )■ 1, is well-defined and yields H = P^ = N as expected (being twice the 
energy of a CP^ dibaryon [26, 27]). 

We have therefore completed our construction of the submaximal giant graviton in 
type IIA string theory on AdS^ x CP"^ - which we refer to as the CP^ giant graviton 
(indicating the space in which the D4-brane is extended, rather than the shape of 
the object, which changes as the size ao increases). We expect this to be a BPS 
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Figure 3: The energy of the giant graviton as a function of its size qq (in units of A^). 

configuration, although we have not yet computed the number of supersymmetries 
preserved by the Kilhng-Spinor equations. This is dual to the subdeterminant oper- 
ator On{AiBi) in ABJM theory. The equality between the energy and momentum 
agrees with the fact that the conformal dimension of the subdeterminant A = n 
is the same as its 7^-charge. 




a — 1 



Figure 4: A cartoon representation of the growth of the CP^ giant graviton. 



In Figure 4 we show a heuristic picture of the growth of the giant graviton in the 
complex projective space. The small submaximal giant is a nearly spherical config- 
uration, similar in nature to the canonical case. As the size increases, however, its 
worldvolume pinches off, until it factorizes into two D4-branes, wrapped on different 
CP^ subspaces and intersecting on a CP"*^ (these are the CP^ dibaryons of [26, 27]). 
We thereby observe the factorization of the subdeterminant operators in ABJM the- 
ory into two full determinants from the gravitational point of view, which is a direct 
result of the product nature of the SCS-matter gauge group. 
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5. Fluctuation analysis 



This section contains a general analysis of small fluctuations about the giant graviton 
on AdS4^ X CP^. We obtain the D4-brane action and equations of motion describing 
this perturbed configuration. Included are both scalar and worldvolume fluctuations 
- we cannot initially rule out the possibility that these may couple, as in case of the 
spherical dual giant graviton [20, 22]. Our ultimate goal is to determine whether any 
dependence on the a^, which parameterizes the changing shape and size of the giant, 
is manifest in the fiuctuation spectrum. 

5.1 Coordinates of AdS^ x CP'^ best suited to the fiuctuation analysis 
Anti-de Sitter spacetime 

The metric (A.l) of the anti-de Sitter spacetime AdS4 can be rewritten in terms of 
an alternative set of cartesian coordinates Vk, which are are more convenient for the 
purposes of the fiuctuation analysis [36]'^. Here we define 

fi = rcos6', f 2 = r sin 6' cos and fa = r sin 6* sin (5.1) 

in terms of which the AdS^ metric can be written as 

\ k / i,j 

The 4- form field strength (A. 6) becomes 

F4 = -\kR^ dt A dvi A dv2 A rffs, (5.3) 
which is associated with the 3-form potential 

C^ = \ kF? dt A {vidv2 A dv^ + v-^dv^ A dvi + v^dvi A dv2) ■ (5.4) 

Complex projective space 

The metric of the complex projective space is given by 

ds^-pS = \ (c^-Sradial + '^'^angular) ' (5-5) 

'^The original coordinates r, 6 and (p have a coordinate singularity at r = 0, which is precisely 
the position of the D4-brane giant graviton. 
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where we shall assume the following generic forms for the radial and angular metrics: 



dSradiid = 9aa do^ + Qx^x^ dxj + §^2x2 dxj + 2gaxi da dxi + 2gax2 da dx2 + 2gx^x2 dxi dx2 (5.6) 
^^"sLguiar = 9xx dx^ + 9viv>i difl + g^2V2d^l + 25-;^^! dxdipi + 2g^^^ dxdip2 + 2g^^^^ dipi dip2 (5.7) 

in the radial coordinates a, xi and X2i and the angular coordinates Xi ^i-nd ip2- 

The 6-form field strength is given by 
3 



Fg = - kR Y [det t^rad] [det (^ang] da A dxi A dx2 A dx ^ dtpi A d(p2, (5.8) 
which is associated with the 5-form potential^ 

Cs = ^l/(Crad)ii [(Crad)ii - det ^fang] (5.9) 

X <dxi A dx2 — da A dxi + ^ '^^'^^''^^ (ia A dx2\ dx A c/y9i A d(p2, 

{ ((-'rad)!! (^Tad)!! J 

while the 2-form field strength can generically be written in terms of the Kahler form 
on the complex projective space (A. 5). 

Note that, throughout this section, we studiously avoid any reference to a particular 
choice of radial worldvolume coordinates^ xi and X2- We leave the metric components 
and their cofactors (as well as their derivatives) unspecified. We anticipate that, in 
the subsequent section, it may be convenient to make use of several different sets of 
coordinates Xi, each of which is best suited to describe a certain limiting case. 



5.2 Fluctuation ansatz 



Our ansatz for the scalar fluctuations about the worldvolume of the submaximal CP^ 
giant graviton takes the form 

Vkia"") =e5vk{a''), aia") = ao + e Saia"") and xi^^l = t + ^ ^xia"), (5.10) 

whereas the worldvolume fluctuations can be taken into account by setting 

F(0=eg5F(0, (5.11) 

with e a small parameter. The dependence of the fluctuations on the worldvolume 
coordinates a" = (t, xi,X2, v^i, </?2) has been shown here explicitly. 

*It is not immediately obvious that Fg = dC^. However, it is possible to check this expression 
for C5 in one particular set of radial coordinates (for example, a, y and zi) and then note that it is 
invariant under any radial coordinate transformation {a,Xi,X2) — {a, xi{a^ xi, X2), X2{o:, Xi^ X2)) 
which keeps a fixed. 

^Except that we assume xi and X2 have fixed coordinate ranges which are independent of a. 
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5.3 D4-brane action to second order 

We shall now determine the D4-brane action associated with this perturbed CP^ 
giant graviton configuration, keeping terms quadratic in e. 

Dirac-Born Infeld action 

The DBI action (4.15) can be simplified to the form 

^DBi = — / rfVv/- det {h + e6J^), with 67" = (2nR~^) 6F, (5.12) 
2(27r)'' J 

where the components of the (scaled) pullback of the metric hat = {^[9\)ab 
the worldvolume of the perturbed D4-brane can be expanded in orders of e as follows: 

hab= {- (1 - 9xx) dbt + S-aiixi daXi dbXi + 5(^2^2 daX2 dbX2 + 9x^X2 {daXl dbX2 + daX2 dbXi) 
+ g^p^^i da^Pl db^Pl + g^2V2 da^2 db^2 + 9x^1 (dat Ob^fl + da^l dbt) 

+ 9x^2 {datdbip2 + daf2 dbt) + g^^^^ {daifil dbip2 + daf2 dbifl)} 



+ s {fi'oxi [{daSa) dbXi + daXi {db6a)] + g^xi [{da^a) dbX2 + daX2 {db5a)] 
+ 9xx [9at (dbSx) + (daSx) dbt] + g^^, [{da^x) db^i + da^i (dbSx)] 
+ 9x^2 [{da^x) dbV2 + daip2 {dbSx)]} 



(5.13) 



^6vf, 6at6bt + Yl (daSvk) (dbdvk) + 9aa (daSa) {db6a) + g^^ (da^x) (db^x) \ ■ 



k / k 

Note that the metric components 5'^i/(«, Xi, X2) can also be expanded in orders of e 
using a = ao+e6a. We shall not write out any of these expansions of the metric or its 
cofactors until the end - it will then turn out that only certain specific combinations 
need be determined beyond leading order. 

It can be shown that, in the DBI action, the scalar fluctuations 6vk, and 6x, and 
worldvolume fluctuations SJ^ab decouple: 



DBI 



2(27r)^ 



1 - eai + -e"^ [a2 - al) 



57 A *57 



(5.14) 

where we have expanded the determinant of the induced metric on the pullback of 
the perturbed D4-brane worldvolume 



det h ^ — ao (l — 2eai + 02) 



(5.15) 



in orders of e. Note that the Hodge dual *57 of the fluctuation 57 of the worldvol- 
ume fleld strength form is constructed using the rescaled induced metric hab on the 
worldvolume of the original CP^ giant graviton. 
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It now remains for us to find explicit expressions for oq, Qi and a2- 

O-O = (Crad)ll [(C'ang)ll — det (jfang] 



(5.16) 



ai 



(C*rad)l2 r„\ , (C'rad)l3 /rj , det (/ang 



I'-'radjll I'-^radjll 
(Cang)l2 



(9^2 5a) + 



+ 



[(Cang)ii - det 

S'ang 

(Cang)l3 



5x 



[(Cang)ll ~ det (7ang] ^ '^^ ^' [(C'ang) 11 ~ det (^angj 

(Cang)ll 



(5^2 ^X) 



(5.17) 



1. 



, detfifrad r x2 , 

+ — ^ [d oa) + 



[(Cang)ll - det^fang] 
det (j'ang 



+ 2 
+ 2 
+ 2 
+ 2 
+ 2 
+ 2 



(C'rad)ii [(Cang)ii ~ det (yfang] 

(Crad)i2 det (?ang 



(C'rad)ll 


[(Cang)ll - 


det (7ang] 


(C*rad)i3 


det g 


ang 


(Crad)ll 


[(Cang)ll - 


det (j'ang] 


(Crad)i2 


(C*ang 


)l2 


(Crad)ll 


[(Cang)ll ~ 


det f/ang] 


(C'rad)i3 


(C'ang 


)l2 


(Crad)ll 


[(Cang)ll ~ 


det (j'ang] 


(Crad)i2 


(C'ang 


)l3 


(C'rad)ll 


[(Cang)ll - 


det S'angJ 


(C*rad)i3 


(C'ang 


)l3 


(Crad)ll 


[(Cang)ll - 


det f/ang] 



6x {d^^5a) -5a {d^M 
5x {d^^da) -5a {d^^5x) 
[{d^M) (5xi5a) - {d^^Sa) (S^^^x)] 
[{d^M) {d^2^a) - {d^^Sa) {d^^Sx)] 
[{dv2^x) {d-^i^a) - {d^^Sa) {d.^^5x)] 
[{d^^dx) {d^^6a) - {d^^da) {d^^dx)] 



(5.18) 



in terms of the determinants and cofactors of the radial and angular metrics, with 
{d f)^ the gradiant squared of a function / on the worldvolume of the CP^ giant 
graviton (see Appendix C). 

Wess-Zumino action 

The WZ action (4.16) can be written as 



WZ 



(2vr) 



(5.19) 



since V [C3] is cubic in e and hence negligible. Note that, while the pullback of the 
5-form potential V [C5] must be expanded to quadratic order in e: 



(k-^R-^) V [C5] = -60 (1 + e6i + 5^62) dt A dxi A dx2 A dipi A dip2, (5.20) 
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it is only necessary to keep the leading order terms in V [Ci\ , which involve no scalar 
fluctuations. The WZ action then simplifles as follows: 

kR^ 



S- 



WZ 



(^j d^a {bo[l + ebi + eH2\} j BASJ^ASJ"^, (5.21) 



2(27r)4 

where B = k~^V [Ci], and the coeflicients h^, hi and 62 are given by 



^0 = y (Crad)ii [(Cang)ii " dct gfang] 



(5.22) 



hi = 5x 



ho = - 



(C'rad)ii 

(C'rad)i2 
(C'rad)ii 



(Crad)ii 

6x (dxja) - 5a (d^^Sx) 



(C'rad) 



13 



radJii 



(5.23) 

6x{d.M)-Sa{d^Jx) ■ (5.24) 



D4-brane action 

We can combine the DBI and WZ actions to obtain the D4-brane action describing 
small fluctuations around the D4-brane giant graviton on AdS4 x CP^. Contrary to 
our initial expectations, based on the result of a similar fluctuation analysis for the 
D2-brane dual giant graviton [22], the scalar fluctuations Sa and 5x do decouple from 
the worldvolume fluctuations 6J^. The D4-brane action Sj)4 = 5'scaiar + 'S'„oridvoiumc 
splits into two parts: 

5'scalar = -^^^y"c?V|v^ (Ol + fel) + 5^ Q - O?) - ^2^ | (5.25) 

kR'^ f ( 1 1 

^worldvolume = "^^^ | ^ ^J^ A *(5J^ - 5 A (5J^ A 6J^j , with 57" = d6A, (5.26) 

which will separately yield the equations of motion for the scalar and worldvolume 
fluctuations respectively. 

Let us focus for the moment on the scalar fluctuations. Note that only Sx derivative 
terms 



-£V^(«1 + ^l) = (Crad)ii [(Cang)n - det ^fang] 

(C'ang)ll r' (C*; 



X <' ^^'^"S^^^ _i v-^angjl2 ^^^^ 

I [(Cang)ll - det 5(ang] [(Cang)ll " dct 

appear in the flrst order scalar action. The contributions to the 6a derivative terms 
from the DBI and WZ actions cancel out - they are actually only there in these 
individual actions because we are making use of non-orthogonal radial coordinates. 
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The above expression still needs to be evaluated at a = ao + e 5a and expanded in 
orders of e. This expansion will yield both first order terms in the action (which are 
clearly total derivatives) and additional second order contributions: 



with 



£ -\/ao (oi + &i) ~ £ {total derivatives} + £^ {• • • 2 • • • } 



(Cang)ll 



{■■■'^■■■} = -da< J (Crad)ll [(Cang)ll - det g^^ng] 



— da'yy (C'rad)ll [(C'ang)ll — det (^ang 
-da |^(Crad)ll [(Cang)ll - det 



[(Cang)ll - 


det t/ang] 


(C'ang 


)l2 


[(Cang)ll - 


det 5ang] 


(C'ang 


)l3 



(5.28) 

da Sx 
6a {d^M 
6a(d^Jx) (5.29) 



[(Cang)ll - detfifang] 

where the coefficients are now evaluated at a = ao, the fixed size of the giant. 

The manifestly second order term in the scalar action can also be simplified. We 
shall neglect surface terms and hence obtain 



1 



(02 - al) - 62 



(5.30) 



with 

{...1...} 



\J (Crad)ll [(Cang)ll " det ^ang] < 



ang J 1 1 



1 [detC/rad] r n2 , 



[(Cang)ii - det 

fl'ang. 

1 [det fifang^ 



2 [(Cang)ll - det^lang] 



(5.31) 

{d6xf 



-d. 



d. 



X2 



d. 



-d. 



d. 



XI 



(C'rad)ll [(C'ang)ll — det (^ang] 
(C'rad)ll [(C'ang)ll ~ det (^ang] 



(Crad)ll [(C'ang)ll — det g^ang] 



\j (Crad)ll [(Cang)ll — det fl'ang] 
\l (Crad)ll [(Cang)ll — det flang] 
\l (Crad)ll [(Cang)ll " det flang] 



(C'rad; 


12 


(C'ang)ii 


(Crad' 


11 


[(Cang)ll - detflfang] 


(C'rad, 


13 


(C'ang)ii 


(C'rad, 


11 


[(Cang)ll - detflfang] 


(Crady 


12 


(Cang)i2 


(C'rad; 


11 


[(Cang)ll - detflang] 


(C'rady 


13 


(C'ang)i2 


(C'rad, 


11 


[(C'ang)ll — det fl'ang] 


(C'rad, 


12 


(C'ang)i3 


(Crad; 


11 


[(Cang)ll - detflang] 


(C'rad; 


13 


(C'ang)i3 


(C'rad; 


11 


[(Cang)ll - detflang] 



ba 5x 
ba bx 
5a(d^,x) 
5a (d^,x) 
Sa (d^^x) 
6a (d^^x) 
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The scalar action to second order in e therefore takes the form 



scalar 



2(27r)^ 



d (7 /^scalar 5 



(5.32) 



with ^scalar = {---l---} + {---2---} the combination of the two previously defined 
expressions. We now observe that this scalar Lagrangian density can now be written 
in the more convenient form 



CscUr = U I] [(5 SVkf - /l« 6vl] + 

[ k 



1 1 



1 



rad 



4* 



[5a {db6x) - Sx {db6a)] 



{d 6xy 

(5.33) 



and, integrating by parts, 



Scalar- ^V~h {■ ■ ' } . 



(5.34) 



with 

{■■■} = J] [(□5t;,) + /i" 5vk] 5vk 



+ 



+ 



9Z 



(□ 6a) + gZ da 



9Z 



i/rad 



-h % h'' ] (DM 

^rad 



(5.35) 

6a 



{gl^, - 1) 



(□ 6x) + fe - 1) da f ^ex^l 

feg - 1) 



-h 



9rad 



Sx, 



where i and j run over the radial coordinates a, xi and X2- We make use of the 
volume element \/—h, the inverse metric components h""^ and the d'Alembertian □ 
on the worldvolume of the giant graviton, which are defined in Appendix C. We also 
need several components of the inverse radial metric 



aa _ (C'rad)ii 
i/rad 



ax 



;! _ (Crad) 



12 



and o 



rad j 13 



det 5frad '''' det gf^ad 

and the first component of the inverse angular metric 

(C'ang)ii 



rad 



det ^frad ' 



(5.36) 



XX 



(5.37) 



Once the derivatives with respect to a have been taken, all the above expressions 
are evaluated at a = ao, the fixed size of the giant graviton. 
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The equations of motion for the scalar fluctuations are therefore given by 

(□ 5vk) + /i" 5vk = (5.38) 
(□ 6a) + gZ da ( ^) h^' (dtSa) - ^ % hA {d,5x) = (5.39) 

(□ Sx) + - 1) da (^^) h^' {dM + ^^^^ (V^ % hA {d,5a) = 0. 

(5.40) 

The CP^ fluctuations 5a and Sx are clearly coupled. It is not immediately obvious, 
without making a specific choice for the radial worldvolume coordinates Xi and X2, 
how to define new CP^ fluctuations S(3±, in terms of a linear combination of 6a and 
6x, such that the equations of motion for 6(3+ and decouple. However, once 
these equations of motion have been decoupled, the obvious ansatze 

6vk{t, x,,X2, fi,V>2) = e^"'=* e^'"'=^^ e^"'=^^ fk{xu x^) (5.41) 
5/3±(t, XUX2, v^i, ^2) = e*"±* e'""^^^ e^"±'^^ /±(xi, X2) (5.42) 

should reduce these problems to second order decoupled partial differential equations 
for fk{xi,X2) and f±{xi,X2). We are interested in solving for the spectrum of eigen- 
frequencies Uk and u± in terms of the two pairs of integers and n^, and m± and 
n± respectively. 



6. Some instructive limits 



In this section, we make a specific choice of the generic radial worldvolume coordi- 
nates Xi and X2 of Section 5. Our parameterization describes the full radial world- 
volume of a submaximal giant graviton of size ao. Although it should, theoretically, 
be possible to write down the equations of motion (5.38)-(5.40) explicitly, it appears 
that these are too complex to obtain in full generality, even assisted by a numerical 
package such as Maple. We therefore confine our attention to the limiting case of 
the small giant graviton: the equations of motion are found to leading order and 
next-to-leading order in ao. Although we anticipate no dependence on the size ao 
at leading order, we hope to observe an ao-dependence in the spectrum at next-to- 
leading order, indicating that we are starting to probe the non-trivial geometry of 
the giant's worldvolume. The spectrum of the maximal giant graviton - being simply 
that of two dibaryons - is already known [26]. 
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6.1 Radial worldvolume coordinates 



The radial worldvolume of a submaximal giant graviton of size shall now be de- 
scribed using two sets of nested polar coordinates^*^ {ri{ao, 9), 6) and (r2(ao, 6', 0), 0): 

The giant graviton constraint equation (4.13) describes a surface in the radial space 
(?/, 21,22)- Let us first turn off one of the Zi coordinates, say 22, and parameterize 
the intersection of this surface with the y^i-plane. Setting zi = z and 22 = yields 

{l-y^){l-z) = l-al (6.1) 

which is described by the polar ansatz y = ricos9 and y/z = risin6', if the polar 
radius ri{ao,9) satisfies 

sm'^{29) r\ - Arj + Aal = 0. (6.2) 

To obtain the full surface, we need to extend this curve into the 3-dimensional radial 
space by requiring that the Zi coordinates now satisfy 

(1 - 2i) (1 - Z2) = 1 - z = 1 - sin^ 9. (6.3) 

Another polar ansatz ^/z^ = r2 cos and = r2 sin then yields the complete 
parameterization, if r2(ao,6',0) obeys 

sin^(20) 4 - 4r2 + 4r^ sin^ ^ = 0. (6.4) 



Promoting a to a radial coordinate and defining 

y = ri{a,9) cos9 (6.5) 
zi = r2(a, 6*, 0) cos^ (6.6) 
^2 = r2(a, 6*, 0) sin^ 0, (6.7) 

with the polar radii ri and r2 the positive roots of^^ 

2 

sm\29) 



rl{a, 9) = {l-\/l-a^ sm\29) \ (61 



rl{a,9,(P) = — ^ |l - 7l-r2(a,^)sin2^sin2(20)| , (6.9) 

we observe that a = aQ describes the radial worldvolume of the submaximal giant 
graviton. Here the radial worldvolume coordinates xi = 9 E [0, vr] and X2 = G [0, |] 
have fixed ranges (which is required by our general fluctuation analysis in Section 5). 

^°Note that this parameterization breaks the y'^-Zi symmetry of the giant graviton constraint. 
This is perfectly reasonable, however, given the different coordinate ranges of y and z,. 

^^Wc have chosen the solution to each of the quadratic constraint equations (6.2) and (6.4) which 
avoids the singularities at 9 = and 9 = tt, and = respectively. 
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6.2 Small giant graviton 



Leading order in 



Let us now focus on the small giant graviton, for which < ao ^ 1- We can 
expand the square roots in ri and r2 to leading order in a to obtain ri{6) ^ a and 
r2(6,4>) ~ asin^. Our radial coordinates then become 



y ^ a cos 6 

Zi ~ sin^ 9 cos^ > 

Z2 ~ sin^ 9 sin^ ( 



(6.10) 
(6.11) 
(6.12) 



in the vicinity of the a = surface. This approximate radial projection of the giant 
graviton is simply a 2-sphere in [y, a/^, w^)-space. 



The equations of motion were obtained from (5.38)-(5.40) to leading order in ao- 
Rescaling 6a = aoSa, our results can be summarized as follows: 



6vi 







M'^'dadb + n 



6a = 0, 



(6.13) 
(6.14) 
(6.15) 



where the inverse metric on the worldvolume of the giant graviton, rescaled by a 
factor of (/i**)~^ for convenience, is approximated to leading order as follows: 

/ 1 -I -| ^ 

-| 

Fi , (6.16) 

-^0 FisecV+i 



(1) 



V- 







Ficsc2(/.+ 1/ 



while 



^ kl^) = (0 Fa F4 0) 
k"" ^ k1^) and k" ^ k^-^^, with kl^^ = = (O F3 F4 O) 



^(1) 



and 



-(1)' 



with 



'(1) 



1) = F5 (-2 1 1) 



(6.17) 
(6.18) 
(6.19) 



in terms of the following functions of the radial worldvolume coordinates 9 and 

(2 - sin^ 9) 



F3 



4 sin^ 9 
cot 9 



(2 - sin^ 



+ 1 



cot 6' 



(6.20) 
(6.21) 
(6.22) 
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F4 = Fi (cot (f) — tan 1 

F, = I 

^ (2 - sin^ 6) ■ 



(6.23) 
(6.24) 



We are now able to decouple the leading order equations of motion (6.14)-(6.15) for 
the CP'^ scalar fluctuations by defining S(3± = 5a ± i5x to obtain 



(6.25) 



Let us now make the ansatze 



6vk{t,9,(f),ipi,ip2 



fk 



6f3±{t,9,(f),ipi,ip2) 



Juj±t im±ipi „in±ip2 



(6.26) 
(6.27) 



with mfc and n^, and m± and n± integers. The leading order decoupled equations of 
motion (6.13) and (6.25) become 



{\dl-F^dl-F2de-F,d^ 
+ [CjI + (Fi sec^ 0) ml + (Fi csc^ 



{\dl-F^dl-F^de-F,d^ 
+ [cl;^ ± 2F5 u± + [Fi sec^ ( 



-r (Fi CSC (p) n'^ 
where we have shifted the eigenfrequencies as follows: 



— ^k 



1 



and 



[m± + n±) . 



(6.28) 



0, (6.29) 



(6.30) 



These second order partial differential equations admit separable ansatze 

fk{9,^) = ek{0)M^) and /±(^,0) = e±(0)<l>±(0), 
which reduce the problems to 

A,-(2-sin2| 



+ 3 cot 61 



+ (cot — tan 



2 {^l - 1) 
d^k 



= 



and 
d^Qi 



dcj) 



+ 



2 sin^ ^ 

' ^ +[Afc — m^sec — %csc 0J $fc = 



(2 - sin^ 



+ 1 



cot 6> + 



de 



(2 - sin^ 



A-|-(2 — sin^ 
2 sin^ 9 



— + (cot — tan 0) 



[A-t — sec^ — n| csc^ 0] $± = 0, 



(6.31) 

(6.32) 
(6.33) 

e± = 

(6.34) 
(6.35) 



-28- 



with Afc and X± constant. The solutions of these second order ordinary differential 
equations, on the intervals 9 e [0, tt] and e [0, |] respectively, can be obtained in 
terms of hypergeometric and Heun functions, as we shall now briefly describe. It is 
clear, however, even without the solutions, that the spectrum of energy eigenvalues 
Uk and co± is independent of the size ao of the giant graviton to leading order. 

The differential equations (6.33) and (6.35), which describe the dependence of the 
scalar fluctuations of the AdS and CP'^ coordinates respectively, take the same generic 
form. Taking the ansatz ^{z) = 2;5l™l (1 — 2)2l"'l 5'(^); with z = cos^0 G [0, 1], these 
can be written in the standard hypergeometric form^^ 

z{l-z)^ + [{\m\ + 1) - (|m| + \n\ + 2)]^-\ [{\m\ + \n\ + if - {X + 1)] g = 0. 

(6.36) 

Similar problems were studied in [25, 26, 37]. The solutions g{z) = F{a,b,c] z) are 
hypergeometric functions, dependent on the usual constants 

a, b = - ||m| + |?7.| + 1 ± a/a + l| and c = \m\ + 1, (6.37) 

which are regular on the interval [0, 1] when a or 6 is a non-positive integer. Hence 

|m| + |n| + 1 ± VA + 1 = -2si, with si e {0, 1, 2, . . .}, (6.38) 

from which it follows that A = I {I + 2), with / = 2si + \m\ + |?7,|. Notice that 
these constants A are just the usual eigenvalues of the Laplacian [38] on the complex 
projective space CP^. 

Let us first consider the second order differential equation (6.32), which describes 
the 6 dependence of the scalar fluctuations of the AdS directions. If we now set 
Gfc(x) = x~^[l — x)~^hk{x), with x = sin^ | G [0,1], this can be written in the 
standard hypergeometric form 

X (1 - x) ^ + [(/, + 2) - 2(4 + 2)x] ^ - [1 /2 + 24 - 2 {ul - l)] = 0, (6.39) 

where A^ = 4 {Ik + 2), with Ik = 2sk,i + Irrikl + \nk\, are the eigenvalues of the $a; 
differential equation (6.33). The solutions hk{x) = F{ak, bk, Ck, x) are associated with 
the usual hypergeometric parameters 

ak,bk = (4 + I) ± + 4 + I + 2 {ul - 1) and = 4 + 2. (6.40) 

For regularity on [0, 1], we require that either or bk be a non-positive integer: 

{lk + l)-^\ll + lk + l + 'lH-l) = -Sk,2, With Sfc,2e {0,1,2,...}. (6.41) 

"'^^Here we drop the k and ± subscripts temporarily, since the same differential equation for $((/)) 
applies in both cases. 



-29- 



We can hence determine an equation for the shifted frequencies squared of the AdS 
fluctuations about the small giant graviton to leading order in ao: 

Col =[^k-\ {ruk + Uk)]^ 

= I [2sfc,i + Sk,2 + \mk\ + \nk\ + §]' - | [2sk,i + \mk\ + \nk\ + 1]' + | (6.42) 

in terms of the non-negative integers Sk^i and Sk,2- Notice that there are no complex 
energy eigenvalues, indicating stability. As expected, there are also no zero modes 
associated with the fluctuations in the AdS spacetime. 

Let us focus momentarily on the s-modes, obtained by setting s^^i = Sk,2 = 0. We 
can express these lowest frequencies as follows: 

<^k = I {rrik + rik) ± (|mfc| + \nk\) + l] , (6.43) 

which can be divided into two cases, depending on the relative signs of and n^. 
More specifically, we find that 

Uk = sign(mfe) [\mk\ + \nk\ + 1] or Uk = -sign(mfc)l, when rrikUk > 

Uk = sign(mfe) [\mk\ + 1] or Uk = sign(rafc) [\nk\ + 1] , when uikUk < 0. (6.44) 



We shall now consider the second order differential equation (6.34), which describes 
the 9 dependence of the scalar fluctuations of the transverse CP^ coordinates. Setting 
<d±{x) = a:"^ (1 — x)^ h±{x), where x = 4x(l — x) and x = sin^ | as before^^, we 
obtain a Heun differential equation 



± 



dx"^ 
+ 



+ 



{l± + 2) 



ri/2 



X 



(x - 1) (x - 2) 



dh 



± 



dx 



X [X 



[X 



2) 



h 



± 



0. 



(6.45) 



Again \± = l± {l± + 2), with l± = 2s±^i + \m±\ + \n±\, are the eigenvalues of the ^± 
differential equation (6.35). The Heun solutions h±{x) = F{2,q±]a±,b±,c±,d±]x) 
depend on the parameters 



a±, &± = ^ |/± + ^ ± ^Jlll + l± + l + 2Col^ , c± = /± + 2, 4 



1 

2' 



and the accessory parameter 



|(/± + l)^-((I;±±i)^ 



e± = -l 
(6.46) 

(6.47) 



13 



Note that 9 runs over the interval [0, tt]. so that x = sin 9 double covers the interval [0,1], 


2 



while X — sin^ | covers it only once 



-30- 



There are several different regular classes of Heun functions [39] . All possible regular 
solutions are obtained, in this case, by requiring that either a± or h± be a non-positive 
integer or half-integer: 



{l± + \) - \J\ll + l± + \ + '2Col = -s±,2. with s±,2 e {0,1,2,...}. (6.48) 

It is hence possible to find an equation for the shifted frequencies squared of the CP^ 
fluctuations about the small giant graviton to leading order in ao: 

= \ [2s±,i + s±,2 + \m±\ + \n±\ + \f - \ [2s±,i + |m±| + \n±\ + if + \ (6.49) 

in terms of the non- negative integers Sk,i and 5^,2- Notice that, again, there are no 
complex energy eigenvalues, indicating stability. 

The s-modes are associated with the lowest frequencies, obtained by setting s±^i = 
s±,2 = 0, which are given by 

uj± = I {m± + n±) ± ^ {\m±\ + \n±\) . (6.50) 

If the integers m± and n± have the same sign, this yields simply u± = {m± + n±) or 
UJ± = 0, whereas, if m± and n± have different signs, we obtain 0;^ = m± or uj± = n±. 
Notice that there are zero modes associated with these CP^ fluctuations. This is to 
be expected, since changing the size ao of the giant does not cost any extra energy. 
We anticipate that these lowest frequencies should match the conformal dimensions 
of BPS excitations of the dual ABJM sub determinant operator. 



Next-to-leading order in ao 



The equations of motion to next-to-leading order in ao can again be written in the 
form (6.13)-(6.15), where we now include an additional higher order term in the 
rescaled inverse worldvolume metric M"-'' ^ ^{1) + Q^o ^(2) ? with 

/ 

I COS (20) - cot e sin (20) 
? sin (20) -I 




M, 



ab 
(2) 



cos6' 



1 
2 





V 



- cot ^ sin (20) - 1 cot^ 9 cos (20) 
^ icot^^sec^, 

-| 










^ cot^ 6 csc^ • 



(6.51) 



The other next-to-leading order coefficients are 







+ Q^O ^(2) 5 


with 


1^(2) 


= (0 S2 S4 oj 


(6.52) 






+ aokl2), 


with 


ft(2) 


= (0 ^3 ^4 0) 


(6.53) 






+ Q^O ^(2) 5 


with 


ua 
«(2) 


- ft(2) 


(6.54) 


r ^ 






with 


pa 


= ^5 (-2 1 1) - ^6 (0 1 -1) 


(6.55) 


r ^ 




+ aoi(2), 


with 


fa 
«(2) 


— pa 

- ^(2)' 


(6.56) 
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where 



^3( 







1 



CSC 9 cos (20) 
cos^ 6{A + sin^ 



cos (20) 



2sm^ (2 - sin^ Oy 

COS ^ 

COS ^csc (20) - sin (20)] 



sin' 6 



cot^ 9 cos 9 CSC (20) + 



cos ^ (3 + cos^ 9) 
2 sin^ 9 {2- sin^ ^) 



sin (20) 



sin 9 cos 9 



(2 



sm 



cos (20) 



56(^) = 



COS 61 (4 - sin^ 9) 
2(2 - sin^^) 



(6.57) 
(6.58) 

(6.59) 
(6.60) 

(6.61) 

(6.62) 



These are simply the next-to-leading order functions to be associated with the leading 
order functions F2, -F3 and F4 (which appears in both k'^ and k""). 

Notice that, since k"" ~ fc" and i"" ~ i"" to next-to- leading order in oq, the equations 
of motion for the CP^ fluctuations Sa and Sx can still be decoupled by setting 
6(3± = 6a± i6x- These equations of motion now become (6.25), as before, except in 
that M"-^, k'^ and now include next-to-leading order terms. 

Again taking ansatze of the form (6.26)-(6.27), describing the oscillatory behaviour of 
the temporal and angular worldvolume coordinates, the next-to-leading order equa- 
tions of motion can be written as 



{ [| — \aQ cos 9 cos (20)] dl — \Fi — \aQ cos 9 cot^ 9 cos (20)] 5| 



-I- [2ao cos 9 cot 9 sin (20)] dgd^ — [F2 + «0'S'2] 

+ [Col + ao cos 9 Uk {nik - Uk) + [Fi sec^ 4>+\ 
+ (Fi csc^ + |q;o cos 9 (cot^ 9 csc^ — l) ) 



-F4 + doSi 
i9 (cc 



cos6' (cot^ 9 



sec 



>+l)) 



(6.63) 



{[I — cos 9 cos (20)] dg — [Fi — |ao cos 9 cot^ 9 cos (20)] (9| 

[2«o cos 6^ cot 9 sin (20)] SgS^ - [F3 + aoS's] - [F4 + ao5'4] 9^ 
+ [a)| + ao cos 9 u± {m± — n±) ± 2 (F5 + ao'S'5) u)± ± tto'S'e (?ti-i- — n±] 
+ [Fi sec^ + ^ao cos 9 (cot^ 9 sec^ + l) ) m| 
+ (Fi csc^ + cos 9 (cot^ ^ csc^ - 1) ) n^] } /^(^, 0) = 0, 



(6.64) 



in terms of the shifted eigenfrequencies (6.30). These second order partial differential 
equations no longer admit separable ansatze. Note that and n^, as well as m± 
and n±, must be independent of the size ao - these are integers and hence cannot be 



-32- 



continuously varied as we change ao- However, we expect the frequencies Uk{ao) and 
uj±{aQ) associated with each pair of integers to pick up an dependence, together 
with the eigenfunctions fk{aQ,9,(j)) and f±{ao,9,(j)), since there is now an exphcit 
dependence on ao in the next-to-leading order equations of motion. 

Next-to-next-to-leading order in ao 

To obtain the leading and next-to-leading order equations of motion, it was sufficient 
to make use of the spherical parameterization (6.10) of the radial worldvolume. The 
next-to-leading order ao terms came from including additional ao terms in the metric 
and not from changing our parameterization of the radial surface. At higher orders, 
however, we need to include additional 0{a^) terms in the functions ri and r2, which 
describe the deviation of the radial worldvolume away from the spherical: 

ri{9) ^ a {I + la^ sin^ 9 cos"^ 9} (6.65) 
r2(0,0) ^asm9{l + sin^ ^ (cos^ ^ + sin^ ^ cos^sin^) } . (6.66) 

We should hence make use of the radial coordinates 

y^a{l + la^sm^9cos^9}cos9 (6.67) 
zi a^ sin^ 9{\^a^ sin^ 9 (cos^ 9 + sin^ 9 cos^ sin^ 0) } cos^ (6.68) 
Z2 ^ a^ sin^ 9{\^a^ sin^ 9 (cos^ 9 + sin^ 9 cos^sin^ 0) } sin^ 0- (6-69) 

We have not written down the next-to-next-to-leading order equations of motion for 
the scalar fluctuations bvk, ba and bx, since an cto-dependence (at least at the level 
of the decoupled equations of motion) has already been observed at next-to-leading 
order. However, in this case, we anticipate that the equations of motion for the CP^ 
scalar fluctuations ba and will no longer trivially decouple. 

7. Discussion and an outlook to the future 

Showing that all of spacetime and its various properties, size, shape, geometry, topol- 
ogy, locality and causality, are phenomena that are not fundamental but emergent 
through a vast number of quantum interactions is as ambitious a goal as any in the 
history of physics. While it is not usually understood as one of the goals of string 
theory 'per se^^, string theory does bring a formidable set of tools to bear on the 
problem via the AdS/CFT correspondence. 

"'^^Indecd, over the past decade, it has been a fertile pursuit for a number of research programs in 
quantum gravity [40]. 
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This article aims to draw attention to the question of how the nontrivial geometry 
of a D4-brane giant graviton in type IIA string theory on AdS^ x CP^ is encoded 
in the dual ABJM super Chern-Simons theory. To this end, we have focused on the 
gravity side of the correspondence and, in particular, on the construction of the giant 
graviton solution. In this sense, this work can be seen as a natural extension of the 
research program initiated in [25] and continued in [26]. In the former we showed 
how to implement Mikhailov's holomorphic curve prescription [24] to construct giant 
gravitons on AdS^ x T^'^. Guided by that construction and the similarities between 
the ABJM and Klebanov-Witten models, we formulate an ansatz for the D4-brane 
giant graviton extended and moving in CP^ and show that it is energetically degen- 
erate with the point graviton. We show also that as the giant grows to maximal 
size it pinches off into two D4-branes, each wrapping a CP^ C CP^ with opposite 
orientation (preserving the D4-brane charge neutrality of the configuration). This 
is in excellent agreement with the expectation from the gauge theory in which the 
operators dual to the giant graviton are (i) determinant- like and (ii) built from com- 
posite fields of the form AB, which factorize at maximal size into dibaryon operators 
as det{AB) = det(A) det(5). 

The spectrum of small fluctuations about this solution, however, has proven to be a 
much more technically challenging problem. Encouraged by our success in comput- 
ing the fluctuation spectrum of the giant graviton on AdS^ x T^'^, we pursued an 
analogous line of computation here only to find the resulting system of fluctuation 
equations not analytically tractable in general. We were, however, able to make some 
progress in the case of a small giant graviton (parameterized by < ao ^ !)• Here 
we were able to solve the decoupled fluctuation equations exactly in terms of hyper- 
geometric and Heun functions. We found that, for both the scalar fluctuations of 
the AdS4^ and CP'^ transverse coordinates, all eigenvalues are real indicating that the 
D4-brane giant is, at least to this order in the approximation, perturbatively stable. 
The zero-mode structure of the spectrum is also in keeping with our expectations: 
there are no zero modes in the AdS^ part of the spectrum and a zero mode in the 
spectrum of CP^ fluctuations corresponding to the fact that it costs no extra energy 
to increase the size of the giant. More generally though, we were unable to find a 
global parameterization of the D-brane worldvolume for which the entire spectrum 
could be read off. Still, there are several interesting observations that can be made: 

i) Unlike the spherical dual D2-brane giant graviton [20, 22] for which mixing 
between longitudinal (worldvolume) and transverse (scalar) fluctuations gives 
rise to a massless Goldstone mode that hints towards a solution carrying both 
momentum and DO-brane charge, no such coupling between gauge field and 
scalar fluctuations occurs for the D4-brane giant. 

ii) While our parameterization does not allow us to solve the fluctuation equations 
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in full generality, by expanding in ao, we see hints of a dependance on the size of 
the giant in the spectrum at subleading order in the perturbation series. Should 
this prove a robust feature of the spectrum, as we expect from our study of the 
T^'^ giant, it will furnish one of the most novel tests of the Giant Graviton/Schur 
Polynomial correspondence to date. This in itself is, in our opinion, sufficient 
reason to continue the study of this solution. 

Evidently then, our study of the D4-brane giant graviton presents just as many (if 
not more) questions than answers. These include: 

i) How much supersymmetry does the D^-hrane giant preserve? To answer this, a 
detailed analysis of the Killing spinor equations along the lines of [20, 41], needs 
to be undertaken. 

ii) Are these configurations perturbatively stable? Even though, as we have demon- 
strated, the D4-brane giant is energetically degenerate with the point graviton, 
it remains to be shown that the fluctuation spectrum is entirely real i.e. there 
are no tachyonic modes present. 

iii) What are the precise operators dual to the giant and its excitations? Based on 
the lessons learnt from J\f = A SYM theory, it seems clear that the operators in 
the AB JM model dual to giant gravitons are Schur polynomials constructed from 
composite scalars in the supermultiplet (see Section 2 and the related work in 
[33]). What is not clear is whether the associated restricted Schur polynomials, 
which correspond to excitations of the giant, form a complete, orthonormal basis 
that diagonalizes the 2-point function. 

We hope that, if nothing else, this work stimulates more research on this facinating 
class of solutions of the type IIA superstring on AdS4^ x CP^. 
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A. Type IIA string theory on AdS^ x CP^ 



Herein we present a brief description of the AdS^ x CP'^ background, which is a 
solution of the type IIA lOD SUGRA equations of motion. Making use of a Hopf 
fibration of 5"^ over CP^, this background can also be obtained by a Kaluza-Klein 
dimensional reduction of the AdS4^ x 5''' solution of IID SUGRA [42]. 

The AdS^ x CP'^ metric is given by 

rfs2 = i?2{rf4^^^+4(i4p3}, (A.l) 

with R the radius of the anti-de Sitter and complex projective spaces. The anti-de 
Sitter metric, in the usual global coordinates, takes the form 

dsl,s. = -{l + r^)dt^ + + [dO^ + sin^ 9 . (A.2) 

Let us make use of a slight variation of the parameterization of [20] to describe the 
four homogenous coordinates z°' of the complex projective space as follows: 

= cos C sin I e*(^+3'^-^'^^) z^ = cos C cos | e*(?^+3'/'+i'^i) 

^3 = sinCsinf 6^(^-3^+^^^) 2^ = sinCcosf e^(*^-3'^-^'^2), (A.3) 

with radial coordinates ( G [O, |] and 9i G [0,7r], and angular coordinates y, (pi G 
[0, 27i] and ip G [0, in]. These describe the magnitudes and phases of the homogenous 

1 2 

coordinates respectively. Note that the three inhomogenous coordinates ^ and 

3 

^4 of CP are independent of the total phase y. The Fubini-Study metric of the 
complex projective space can now be written as 

(is^p3 = d('^ + I cos^ ( sin^ ( [dip + cos 6i d(pi + cos 62 d(p2^ 

+ \ cos^ C {del + sin^ Oi d(pl) + I sin^ ( {dOl + sin^ 62 d(pl) . (A.4) 

There is also a constant dilaton e^* = and the following even dimensional field 
strengths: 

F2 = 2k J = -\k {sin (2C) dC A [dip + cos 6^1 d(pi + cos6'2 d(p2\ 

+ cos^ C sin 9i d6i A d(pi - sin^ ( sin O2 dd2 A d(p2 ] ( A.5) 

F4 = -\kR^ vol {AdSi) = -IkR'^r^ smO dt A dr A dO A dip, (A.6) 

with Hodge duals Fq = *F4^ and Fg = *F2. In particular, the 6-form field strength 
can be calculated to be 

Fe = I (64) kR^ vol (CP^) 

= 3kR'^ cos^ C sin^ C sin 9i sin 62 dC A ddi A d92 A di' A d(pi A d(p2. (A.7) 
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B. Energy and momentum integrals 



In this appendix, we provide some of the details of our numerical determination 
of the energy integral (4.32) at fixed momentum P^, given by integral (4.30), as a 
function of a (shown in Figure 2 of Section 4). 



B.l Coordinate change 



The Lagrangian, momentum and energy (4.28), (4.30) and (4.32) of the D4-brane 

configuration are given, as functions of the size a and angular velocity iii terms 
of the associated densities (4.29), (4.31) and (4.33) in the radial {y,z\) worldvolume 
space. Let us now make the following coordinate change: 

u = (\^y)(\- zx) and v = (\-Zx). (B.l) 

The Lagrangian, momentum and energy integrals then become 

du / dv C{u,v) (B.2) 

'l-a Jv{u) 
pl+a pi 

Px= du dv Vx{u,v) (B.3) 

Jl~a Jv(u) 
pl+a pi 

H= du dv n{u,v), (B.4) 

Jl~a Jv{u) 



with 



u^ 



- 2.-(l-.^) ^^-^^ 
in terms of the new densities in the radial (n, v) worldvolume space: 

C{u,v) = ^C{u), V^{u,v) = ^V^{u) and n{u,v) = ^n{u). (B.6) 

Here we are able to pull out an overall dependence and define 



£(n) = — I v/2(l - a2) n - (1 - a^) - nV2(l - a^) ux^ - (1 - ^2) - u 



4 



2 



X[u' + (l -a^)- 2(1 -a')u]} 



(B.7) 



V^iu) ^ ^ I m-a^W2il-a^)u-il-a^)-u^ + 1 [.^ + (1 - «^) - 2(1 - a>] 
' 4 1 v^2(l-a2)^^2_ (1 _c,2) L ^ ^ V ; J 



u 

(B.8) 



Nl . . . 2M V2(l-a2)^_(i_a2) 



u 



2 



7/(m) = - - [m' + (1 - a')1 ^ ' ' ' ' . (B.9) 

4 M L ^2(1 -a2)^;^2 _ (1 _ct2) _^2 
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Explicitly computing the integral over v as follows: 



1-a Jv{u) 



we can now write 



£d4(m), with = ^— ^ C{u) (B.ll) 



P^= du V^{u), with = — ^x(«) (B-12) 





V? 




2u - 


[u'' + (1 










2u - 


K + (1 - 







H= du n{u), with n{u) = — — ^ n{u). (B.IS) 

Jl~a 



B.2 Momentum integral 

The momentum integral (B.12) was calculated numerically using standard quadra- 
ture routines. Our result is shown in the form of a surface Px{(^, x) Figure 5 below. 



1.5 1 





Figure 5: The momentum surface P-^{a,x) plotted in units of the flux N. The disconti- 
nuity curve is clearly evident. 
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The most striking feature is the presence of a singularity along the curve^^ 

1 

X = 



(B.14) 



on the ax-plane. The existence of this singularity means that we should approach 
the energy integral with some caution. 

B.3 Energy integral 

We would now like to calculate the energy integral (B.13) at fixed momentum as 
a function of a. Making use of the -Px('^' x) surface, it is possible to plot contours of 
constant momentum on the ax-plane (see Figure 6). 



a 




0.2 0.4 0.6 0.£ 



1 1.2 1.4 1.6 1.1 



X 



Figure 6: Lines of constant momentum Py. The dashed curve describes the discontinuity. 



In principle, we can numerically integrate the energy (B.13) along any contour xi'^) 
at fixed momentum P^. These contours all approach the discontinuity, however, 
which places practical constraints upon how far along the contour we can perform 
the numerical integration. An alternative approach to the direct integration of (B.13) 
therefore needs to be found. 



^^Unlike the canonical sphere-giant case in AdS^ x , in which the singularity occurs only at 
q; = 0, here the discontinuity traces out an entire curve. This happens at angular velocities x always 
bigger than one (and therefore never effects the giant graviton solution). Perhaps we can interpret 
this effect physically as a limiting velocity (1 — a^)' Xdiscontinuity = (1 ^ q^)i < 1. 
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The Hamiltonian 

H = xPx-L (B.15) 

has a singularity along the same curve (B.14) as the momentum Py.. The Lagrangian 
L, however, is devoid of any such defect. Fixing and moving along this contour 
(in the direction of decreasing a), we can determine x(f^) up until a certain point, 
at which the contour becomes too close to the singularity to distinguish between the 
two and the numerics break down. At this point, however, we can simply use the 
curve (B.14) of the discontinuity itself to obtain a good approximation for x{(^)- The 
full contour xi'^) can then be obtained using a cubic spline interpolation between 
the numerical contour and the discontinuity curve in the vicinity of this point (the 
position of which depends on the particular contour in question). We have considered 
Py^ = 0.2, 0.4, 0.6 and 0.8 as examples, and Figure 7 shows the full contour x{(^)y 
obtained using this interpolation technique, in each of these cases. Having obtained 
x{a) along a fixed P^ contour, there is no further hinderance to integrating the 
Lagrangian L{a,x{a)) numerically using (B.ll), since it is non-singular, and hence 
determining the energy (B.13). 



C. d'Alembertian on the giant graviton's worldvolume 

The metric on the worldvolume of the giant graviton in the worldvolume coordinates 
a" = {t,xi,X2,(pi,(p2) can be written as 



tab 



\ 






9x^1 
9xv2 



9xixi 9xiX2 

9xiX2 9x2X2 

9'fii'pi 9'fii'fi2 

9ipnp2 9'fi2'P2 J 



(C.l) 



in terms of the components of the angular and radial metrics of the complex projective 
space (evaluated at a = ao). The inverse metric h°'^ can thus be expressed in terms 
of cofactors as follows: 



/ /i" h^^^ \ 

/i^'i^i 

/i^l^2 1^X2X2 

\h}'^^ /^¥'2V2 J 



(C.2) 
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X 




(b) = 0.4 




0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1 

a a 



X 




1.5 



(d) = 0.8 



X 



0.5 



0.2 



0.4 0.6 

a 



0.8 



Figure 7: The relationship between x and a for fixed momentum. The curves show the 
results from the fixed momentum contour plot (rightmost section of the curve), together 



with the discontinuity curve (the leftmost dashed curve), given by = 
of curve between the two x 's is obtained by cubic spline interpolation. 



l—a 



r. The section 



with temporal and angular inverse worldvolume metric components 



(a 



[(Cang)ii — det (?ang] 

(^ang)i3 

[(C'ang)ix det (7ang] 

[(Cang)33 ~" 



(a 



'12 



[(C*ang)ii — det (7ang] 

[(C'ang)22 ~ 9'P2'fi2'\ 
[(C'ang)xx det (7ang] 

[(C*ang)23 ~'~ 9ipi^2\ 



[(Cang)n - det fl'angj 
and radial inverse worldvolume metric components 

^xixi _ 9x2X2 /i^2a;2 _ 9x1X1 UX1X2 



rad )ii 



rad )ii 



[(C'ang)ii — det^fang] 

9x1X2 
(C*rad) j^]^ 



h 



The invariant volume form on this worldvolume space is given by 

UJ = V—h dt A dxi A dx2 A d(pi A d(p2, 



(C.3) 



(C.4) 



(C.5) 
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where 



^-h = \J (Crad)ii [(Cang)ii " det glang] • 



(C.6) 



The gradient squared of an arbitrary function f{(J°') can be written in the compact 
notation 

{dff = h'^' (dj) {d,f) (C.7) 

and hence the d'Alembertian operator on the worldvolume of the giant graviton takes 
the form 



□ = da h'^'d,^ = /l"" dad, + -L= da h'^') df,. 



(C.8) 
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